Besides black holes, the phase space of three-dimensional massive gravity about Warped Anti-de Sitter (WAdS) space contains solutions that decay exponentially in time. They describe evanescent graviton configurations that, while governed by a wave equation with non-vanishing effective mass, do not carry net gravitational energy. Explicit examples of such solutions have been found in the case of Topologically Massive Gravity; here, we generalize them to a much more general ghost-free massive deformation, with the difference being that the decay rate gets corrected due to the presence of higher-order terms.
Introduction
It has been shown in [1] that the holographic description of the entropy of Warped Anti-de Sitter (WAdS) black holes in three-dimensional massive gravity still holds when one considers the asymptotic boundary conditions proposed in Ref. [2] , which allow for new asymptotically WAdS 3 solutions that have exactly the same conserved charges that the black holes. In other words, the new geometries seem not to contribute substantially to the ensemble, and the holographic computation based on the asymptotic charge algebra [3, 4] exactly reproduces the entropy of the WAdS 3 black holes even in the case of the new boundary conditions. Here, with the aim of understanding the extent of this phenomenon, we further study the configuration space of threedimensional massive gravity in asymptotically WAdS 3 space. We construct exact solutions that represent time-dependent deformations of the WAdS 3 black holes [5] and preserve no isometries. The solutions decay exponentially in time and represent evanescent gravitons that, while obeying a wave equation with non-vanishing effective mass, do not carry net gravitational energy. Such geometries had previously been observed to exist in Topologically Massive Gravity (TMG) [6] ; here, we extend the set to the model that, in addition of the gravitational Chern-Simons term, includes both the higher-derivative terms of the so-called New Massive Gravity [7] and the highercurvature terms of the recently proposed Minimal Gravity [8] . We show that the decay rate receives corrections due to the presence of higher-order terms, which means that the evanescent solutions, unlike the black holes, are not locally equivalent to empty WAdS 3 space.
Massive gravity
The field equations of the general massive gravity we will consider are
where G µν is the Einstein tensor; the tensor J µν is the contribution of the Minimal Massive Gravity (MMG) [8] , which can be written as
C µν is the Cotton tensor of Topologically Massive Gravity (TMG) [6] , namely
and K µν is the contribution of New Massive Gravity (NMG) [7] , namely
with S µανβ ≡ R µανβ − (1/4)g µν R αβ . In three dimensions, the Riemann tensor can be expressed in terms of the Ricci tensor; nevertheless, it is convenient to write the expression of K µν as in (2.4).
Being of second order in the metric, tensor (2.2) can not be derived from an action in the metric formalism. This can also be concluded from the fact that J µν is not covariantly conserved identically; although it is covariantly conserved on-shell [8] . In contrast, tensors (2.3) and (2.4) do follow from an action principle [6, 7] . The former tensor is conformally invariant, satisfying C µ µ = 0, while the latter is conformally covariant, in the sense that its trace, K µ µ , coincides with the Lagrangian from which it is derived. Despite the fact that C µν and K µν are of third and fourth order in the metric, respectively, the trace of the field equations (2.1) remains of second order; in fact, one finds C
This property is one of the reasons why the theory (2.1) turns out to be free of ghosts [7] around suitable backgrounds. On the other hand, the inclusion of the term J µν in the field equations permits to cure the so-called bulk/boundary unitarity clash that the theory (2.1) with γ = 0 suffers from when formulated around AdS 3 [8] (see also [9] - [22] ). Therefore, all the terms of (2.1) being important to define a well-behaved theory of massive gravity in three dimensions, we find appropriate to consider all of them when studying the theory formulated around Warped deformations of AdS 3 space.
Warped black holes
We will be concerned with geometries that asymptote to WAdS 3 space. The latter space corresponds to a one-parameter stretched deformation of AdS 3 . Our conventions will parallel those of Ref. [23] . In such language, the metric of the asymptotically WAdS 3 black hole solutions [5] reads
where ν is the parameter that controls the stretching deformation (with ν 2 ≥ 1 and with the case ν = 1 corresponding to unstretched AdS 3 ) and ℓ is the curvature radius. Metrics (3.1) for r + ≥ r − ≥ 0 represent black hole solutions that asymptote to WAdS 3 space at large r. These solutions exhibit two horizons, located at r = r + and r = r − . Being locally equivalent to WAdS 3 space, the black hole solutions (3.1) solve the field equations for the same values of parameters than the former; more precisely, they are solutions of (2.1) provided the following two conditions are satisfied
As expected, for ν = 1, where the stretching effect disappears, the latter equation gives no restriction for the coupling constants. For ν = 1, and for fixed µ, in the limit m 2 → ∞ and with γ = 0, equation (3.2) yields the expected result Λ = −ℓ −2 . On the other hand, for arbitrary ν, in the limit µ → ∞ and with γ = 0, one recovers the result for NMG [24] , m 2 ℓ 2 = (20ν 2 − 3)/2.
Evanescent gravitons
Now, let us construct asymptotically WAdS 3 time-dependent geometries. The procedure we will employ to construct such solutions is similar to that of Refs. [25, 26, 27] , here adapted to the case of WAdS 3 . It amounts to consider a Kerr-Schild ansatz that deforms the locally WAdS 3 geometries (3.1). To see how it works, and before going to the general case, let us begin by considering a deformation of the zero mass black hole. The latter is given by setting r + = r − = 0 in (3.1); namely
Then, consider a deformation of the form
with k µ being a null vector. It is convenient to chose
H(t, r) is a function that will be demanded to be eigenfunction of the D'Alembert operator associated to (4.1); that is, H(t, r) = M 2 H(t, r) with M 2 ∈ R. To solve the latter equation, the form of the operator suggests to propose the ansatz H(t, r) ∝ e −ωt r δ . By plugging it back into the field equations (2.1), we find two conditions between ω, δ, and the coupling constants of the theory. These conditions read
After having determined the possible values for δ and ω, given by the real roots of (4.4), one can verify that the perturbed metric (4.1) remains a solution if one multiplies H(t, r) by an arbitrary function of v.
The same procedure can be applied to the black hole metric (3.1) with r = r ± . Considering a generalization of the above metric, namely 6) with the null vector
one finds that a solution of the field equations (2.1) is given by
where ω is again given by (4.4), and where F (u) is an arbitrary function of u; periodicity of φ demands, however, that F (u) = F (u + 2π). The arising of an arbitrary function of the null coordinate u is usual in this type of solutions, and similar to what happens with pp-waves and AdS-wave solutions. Actually, solution (4.6) can be thought of as a WAdS-wave deformation of the black hole background (3.1), with function F (u) characterizing the profile of the wave. This analogy becomes even more clear when one finds that the profile function actually satisfies a wave equation (see (5.1) below). For δ < 0, namely ωℓν > 0, the solutions (4.6)-(4.8) behave asymptotically as the solutions of TMG found in Refs. [2] , although with a different falling-off coefficient δ. In this sense, they correspond to asymptotically WAdS 3 spaces, cf. [28] . It has been pointed out in [1] that the boundary conditions of [2] are still compatible with the WAdS/CFT correspondence [23] , at least in what regards the description of black hole thermodynamics [3, 4] .
At the horizon, for r close to r + , solutions (4.6)-(4.8) behave as
while at the boundary, at large r, they behave as
This means that for asymptotically WAdS 3 solutions, namely for δ < 0, the metric function H(t, r, φ) diverges at the horizon. In this sense, these solutions are reminiscent of those of Refs. [27] . Nevertheless, all the curvature invariants remain finite at r = r ± ; in fact, the curvature invariants are constant and independent of F (u). When evolving in time, the region r >> r + of a solution with ω > 0 rapidly tends to the black hole geometry. Close to r + , in contrast, such a solution develops a wall, characterized by divergence of H(t, r, φ) at r = r + , which becomes thinner and thinner with time. Provided δ < 0, the solutions tend to WAdS 3 space at large r, at any t. That is to say, they respect the asymptotic isometries of WAdS 3 , which are generated by a copy of the Witt algebra in semi-direct sum with a loop algebra of u(1) [2] (we will come back to this point latter). However, the solutions with ω = 0 and ∂ u F (u) = 0 do not preserve any exact isometry. The profile of such a solution resembles a helicoid in the t = const plane, whose amplitude decreases as r δ for r sufficiently large. This means that solutions (4.6)-(4.8) represent evanescent gravitons.
Solution (4.6)-(4.8) generalizes to the theory (2.1) the solutions found in [2, 4] for the particular cases of TMG and NMG. In fact, notice that by taking the limit m 2 → ∞ in (4.4) one actually recovers the result for TMG [2] , namely P TMG (ν, ω) = (5ν + ωℓ)(ν + ωℓ) + 3 = 0, (4.11) while in the limit µ → ∞ and with γ = 0, one recovers the result of NMG [4] P NMG (ν, ω) = −4νω
The general polynomial equation (4.4) that determines ω as a function of ν, also depends on the coupling constant m 2 and, through Λ, on µ and γ. This means that the decay rate of the time-dependent solution gets corrected with respect to that of TMG due to the presence of the O(R 2 ) terms; cf. Ref. [2] . This also implies that the solutions (4.6)-(4.8), unlike the WAdS 3 black holes, are not locally equivalent to WAdS 3 space; we will discuss this latter in more detail.
Gravitational energy
The effective mass M associated to H(t, r, φ) is given in terms of ω by M 2 = ω(ω − 2ν/ℓ). That is, the function that describes the profile of the deformation is governed by the wave equation
This is similar to what happens with the massive gravitational waves in AdS 3 space [25, 26] . It is worthwhile discussing the critical value ℓω = 2ν, for which the effective mass M vanishes. This corresponds to δ = −4ν 2 /(ν 2 +3). Notice that this value can not occur neither for TMG nor for NMG; while for the former this value corresponds to ν 2 = 1/7, for the latter it corresponds to ν 2 = 3/5. In both cases, this does not obey the constraint ν 2 > 1 for the solution to represent a black hole and not to exhibit closed timelike curves.
Although the deformation (4.8) obeys a wave equation with non-vanishing effective mass, it turns out that the evanescent solutions do not carry net gravitational energy. This is analogous to what happens with electromagnetic evanescent waves in conducting media. To see explicitly that the evanescent gravitons do not carry gravitational energy, we can compute the mass associated to solutions (4.6)-(4.8). In the cases of TMG and NMG, this can be done by standard methods [29] - [33] . The case of MMG, however, is a little bit more subtle because of the property of J µν of not being conserved off-shell. In the case of asymptotically AdS 3 spaces, the charges of the latter theory have been constructed in [14] , and in principle the definition therein can be extended to warped deformations. Here, we will consider the examples of TMG and NMG: Consider first the case γ = 1/m 2 = 0 in (2.1). If one denotes by g µν the spacetime metric and byḡ µν ≡ g µν − h µν , the background metric respect to which the charges will be computed, then the charges are given by the following formula
whereξ generates the asymptotic Killing symmetries that both g µν andḡ µν preserve. The integral in (5.2) is evaluated on the circle at spatial infinity. The functions F µν E (ξ) and F µν C (ξ) are defined as in [34] ; they read
whereΞ β = ǫ ανβ∇ αξν /(2 √ −ḡ). G L µν is the linearized Einstein tensor, with the linearized Ricci tensor given by
For the timelike Killing vectorξ µ = −∂ t , charge (5.2) corresponds to the gravitational energy. Choosing as the background metric ds 2 0 =ḡ µν dx µ dx ν the black hole with r + = r − = 0, the gravitational energy of the configuration (4.6)-(4.8) results to be 6) and is independent of the function F (u). This is in agreement with the result found in [2] . In addition, same phenomenon can be shown to hold when the contribution of the higher-derivative terms of NMG, ∆E, is included. To see this explicitly, one can resort to the result of Ref. [35] , where the canonical method [33, 31, 32] was implemented for the case of NMG. The general result for both 1/m 2 = 0 and 1/µ = 0 reads
where the mass parameter is m 2 = µ(20ν 2 − 3)/(2ℓ 2 µ − 6ℓν).
In conclusion, the mass of the solution is actually provided by the black hole geometry and the evanescent gravitons do not carry net gravitational energy. However, this does not mean that the time-dependent gravitons behave as stealth probes that do not backreact on the geometry. On the contrary, the deformation (4.8) does interact and it affects the fields in a non-trivial way. A simple toy model to illustrate this is provided by the scalar matter theory defined by the action 8) which, as shown in [36] , admits WAdS 3 black holes (3.1) as exact solutions provided the conditions βν 2 = ηℓ 2 and ζν 2 = Λℓ 2 are satisfied. The scalar field configuration supporting the black hole geometry is given by
where ϕ 0 is an arbitrary constant. It can be easily shown that turning on the time-dependent deformation (4.8) affects the background field (5.9) drastically and no static configuration exist for ω = 0.
Comments on WAdS/CFT
The existence of solutions (4.8) becomes relevant within the context of the so-called WAdS/CFT correspondence, namely the attempt to extend the AdS/CFT correspondence to the case of stretched deformations of AdS 3 spaces [23, 3] . The reason is that geometries (4.6)-(4.8) permit
to explore to what extend the asymptotically WAdS 3 boundary conditions can be modified while keeping the conformal symmetry at the boundary unaltered. It turns out that the asymptotic behavior of these geometries is substantially different depending on whether δ < 1 or δ > 1. The relevant components of the metric to see this change of behavior are g rr , g rφ , and g φφ . For δ > 1, these components behave at large r as follows
where O(r n ) stands for terms that damp off as ∼ r n or faster at large r, and the ellipses stand for subleading terms. Boundary conditions above comprehend a falling-off behavior at large r that is weaker than the one originally proposed in [28] . Nevertheless, as first shown in [2] for the case of TMG, the asymptotic charge algebra associated to the Killing vectors preserving (6.1)-(6.3) still coincides with one copy of Virasoro algebra with non-vanishing central charge in semi-direct sum of a current algebraû(1) k . In [1] this analysis was extended to the case of NMG, and it was shown therein how this is consistent with the microscopic counting of WAdS 3 black hole microstates in terms of the WAdS 3 /CFT 2 correspondence.
In contrast, for δ < 1, the asymptotic behavior of the metric components is which is exactly the type of asymptotic considered in [28] . Remarkably, both sets of boundary conditions happen to yield the same asymptotic algebra with the same values of the central charges. While for TMG the Virasoro central charge is given by c TMG = (5ν 2 +3)ℓ/((ν 2 +3)Gν), for the case of NMG it is c NMG = 96ν 3 ℓ/((20ν 4 + 57ν 2 − 9)G). This implies that the Cardy formula of the conjectured boundary CFT 2 correctly reproduces the entropy of WAdS 3 black holes regardless which set of boundary conditions above is considered. This has been recently emphasized in [1] , and represents a consistency check of the WAdS/CFT correspondence in presence of bulk gravitons -namely, in presence of asymptotically WAdS 3 solutions that, such as (4.6)-(4.8), are not locally equivalent to empty WAdS 3 space-. About the latter, notice that having proven here that the time-dependent solutions (4.6)-(4.8) exist in a theory other than TMG was crucial to conclude that a solution with ω = 0 is not locally equivalent to WAdS 3 . Since the curvature invariants of the deformed solution are constant and independent of H(t, r, φ), showing that such a solution is associated to the local degrees of freedom of the theory is actually difficult. Here, we managed to prove this by showing that the equations (4.11) and (4.12), corresponding to TMG and NMG respectively, yield different conditions for ω as a function of ν and ℓ.
